A potential flow around a circular cylinder is a commonly examined problem in an introductory physics class. We pose a similar problem but with different boundary conditions where a rectangular pole replaces a circular cylinder. We demonstrate to solve the problem by deriving a general solution for the flow in the form of an infinite series and determining the coefficients in the series using a multiple linear regression. When the size of a pole is specified, our solution provides a quantitative estimate of the characteristic length scale of the potential flow. Our analysis implies that the potential flow around a rectangular pole of the diagonal 1 is equivalent to the potential flow around a circle of diameter 0.78 to a distant observer.
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I. INTRODUCTION
Hydrodynamic similarity is one of the core concepts in fluid dynamics [1] [2] [3] . When a fluid system is free of any external forces, the Navier-Stokes equation is non-dimensionalized using a system's characteristic length scale D and a characteristic velocity U . Then the Reynolds number Re = U D/ν becomes the only parameter of the governing equation where ν is the kinematic viscosity. At the inviscid limit, i.e. when ν approaches to zero, the velocity field is simplified to v/U = F (x/D), where F is an arbitrary function.
In a certain fluid system, the determination of a characteristic length scale D can be equivocal. The problem of von Kármán vortex streets may be one of them. A von Kármán vortex street is staggered rows of vortices that form behind an obstructing body in a stream of fluid 4 . In an effort to understand its dynamics, one of the most widely studied topics is the relationship between the Strouhal number St = f D/U and Re, where f is the frequency of vortex shedding [5] [6] [7] [8] Figure 1 (a)) and St ∞ 0.13 when the angle of attack is zero (see Figure 1(b) ).
Suppose that Re specifies the properties of an input flow, and St describes the response of the system to the input. Then, the system's response is a function of the input, but the response function can also vary. In the case of the vortex street problem, the response function is usually modeled with two parameters 5, 6, 8 , and these two parameters are determined by the hydrodynamic properties of the flow such as the vorticity strength and the drag coefficient 9, 16, 17 . Therefore, the fact that we observe different St ∞ provides the link between 
II. ANALYTIC SOLUTION WITH A MEAN FLOW
Suppose that a stream of fluid flows in the positive x direction, and it encounters a rectangular pole located at the origin. Let us assume that the pole is infinitely long in the z direction, therefore the problem becomes two dimensional. In cylindrical polar coordinates, the potential function for the flow φ satisfies the Laplace equation,
Using the separation of variables, φ = R(r)Θ(θ), Eq. (1) is separated into the radial and polar equations with solutions R = r ±m and Θ = exp(±imθ), where m is an integer. These constitute the general solution φ such that
Far from the pole, the mean flow is the sole remaining component. Therefore φ = U r cos θ is desired as r → ∞ rendering all coefficients of the diverging terms to be 0 except P 1 = 1.
Then Eq. (2) simplifies to
Eq. (3) is further simplified when the object is assumed symmetric. Let us consider two orientations of a rectangular pole where square refers to the flow meeting the pole directly face on and diamond refers to the flow reaching the side at a 45-degree angle (see Figure 1 ).
In both cases, the flow potential function is symmetric about the x-axis and anti-symmetric about the y-axis. The symmetry about the x-axis suggests that u r (r, θ) = u r (r, −θ) and u θ (r, θ) = −u θ (r, −θ) and yields
This eliminates all sine solutions, namely Q m = 0 for all m. Similarly, the anti-symmetry about the y-axis suggests
where θ = θ − π/2. This condition implies that P m = 0 for all even numbered m's.
Finally we get the x-symmetric and y-antisymmetric general solution,
where A n = P (2n−1) .
The first term in Eq. (6) the strength of A n ; these coefficients are determined by the boundary condition given to a specific problem.
III. POTENTIAL FLOW AROUND A DIAMOND

A. Boundary Equations
In this section, we consider the potential flow around the diamond configuration in which the pole meets the flow at 45 degrees (see Figure 1(a) ). In polar coordinates, the shape is expressed as r = a/(sin θ + cos θ) for 0 ≤ θ < π 2
, r = a/(sin θ − cos θ) for
and r = a/(− sin θ + cos θ) for 3π 2 ≤ θ < 2π, where the length of the diagonal is 2a.
In the first quadrant, the velocity component normal to the surface v n can be acquired by taking an inner product of v and the surface normaln = (x +ŷ)/ √ 2, and it becomes zero by the slip boundary condition,
Substituting v r = ∂φ/∂r and v θ = (1/r)∂φ/∂θ to Eq. (7), and usingr·x = cos θ,r·ŷ = sin θ, θ ·x = − sin θ,θ ·ŷ = cos θ and trigonometric identities, we get
Using r = a/(sin θ + cos θ) and sin θ + cos θ = √ 2 sin(θ + π/4), we rewrite Eq. (8) using sines of θ:
where 0 ≤ θ < π/2. We can do similar calculations in the second quadrant, and we get
where π/2 < θ < π.
Equation (10) is identical to Eq. (9) under substitution of θ = π−θ because the symmetry conditions are already imposed on Eq. (6). Likewise, the boundary equations in the third and fourth quadrants are redundant. Therefore, the consideration of Eq. (9) is sufficient to solve for the coefficients A n 's.
B. Determination of Coefficients
Now, we solve for the coefficients A n 's in Eq. (9) . A potential flow is scale-invariant, therefore A n 's can be specified when the scale factor a is fixed. Without loss of generality, we set a = 1/2, equivalent to the diagonal of the rectangle being 1. Then Eq. (9) is in the following form:
where 0 < θ < π/2.
The left-hand side of Eq. (11) physically refers to normal velocity v n , which is zero at 0 < θ < π/2, when the slip boundary condition is satisfied. The right-hand side represents the components of a physical model in a reduced form. The expansion series in the summation does not constitute a complete set where 0 < θ < π 2 , therefore, A n 's are not uniquely defined using orthogonality. We estimate the coefficients A n 's rewriting Eq. (11) as
with an N -component finite series explaining a large proportion of flow and a high-order infinite series containing deviations in the measurement of a flow. We estimate a finite importance of these terms, we calculate the velocity field due to each term. Shown in Figure   3 are the radial velocities of the n-th order terms, at θ = 0, normalized by the first order term. In other words, v
Here, x = r because θ = 0. While the contribution from the higher-order terms are not negligible close to the pole (x ≈ 0.5) when θ = 0, they diminish quickly. At x = 1 the second-order term gives less than 10% of the velocity field strength than the first-order term. Further from the pole where x > 1, the dipole field is the strongest, and the potential flow is no longer influenced by the shape of obstruction.
Away from the obstructing object (r 2a), the potential flow around a diamond of diagonal 1 is effectively approximated to
The potential flow around a circle 21 of diameter d 0 is
Therefore, the potential flow around a diamond can be effectively approximated to the potential flow around a circle of diameter 0.78 (≈ √ 0.153 · 4). It is inferred that we overestimate D by using the D = W convention for this case.
C. Convergence
To compare the fits of the models, we calculate the root mean square error R, which is defined as
where m is the number of virtual data points we evaluated for 0 < θ < π/2. In Figure 4 , we show the rate of convergence of R as a function of N .
Another measure of the fit is θ 0 . We define it as the largest θ where the modeled data intersect the ideal normal velocity of 0. It demonstrates the sharpness of the model at Figure 3 . Near the pole, the higher order multipolar fields are not negligible, but they diminish quickly with x. At x ∼ 1, the dipolar field is 10 2 times stronger than the next strongest multipolar field. (20) to the true state in dots at v n = 0 and vary the number of parameters in the model.
IV. FLOW AROUND A SQUARE
Now, we turn to a square case, where the rectangular pole is rotated 45 degrees from the diamond case discussed above (see Figure 1(b) ). Let 2b be the base of the square. The boundary of the square is expressed in polar coordinates as:
in the first quadrant. When the diagonal of the square is 1, b = 1/ √ 8.
Applying the boundary condition v ·n = 0, the piecewise boundary equations are derived for 0 ≤ θ < π/4:
and for π/4 ≤ θ < π/2
The general form of Eqs. (18) and (19) is
where H denotes a Heaviside function. We take the left-hand side of Eq. (20) as the observed normal velocity and the right-hand side as model inputs. We evaluate the model inputs on an equally-spaced line 0 < θ < π/2 and obtain the coefficients A n 's using the least squares method as in the diamond case. The 1-, 10-and 100-parameter models are shown in Figure   5 .
The first few coefficients of the 100-parameter model are A 1 = 1.53 × 10 −1 , A 2 = 3.81 × Hence, the characteristic length scales of two cases remain unchanged.
V. DISCUSSION AND SUMMARY
We presented a procedure to solve the potential flow around a rectangular pole. Our results can be applied to previously reported experimental data; for example, in a 
